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Abstract
We develop a general low-energy multiple-scattering partial-wave theory for gapless topological
insulator (TI) surfaces in the presence of magnetic impurities. As applications, we discuss the
differential cross section (CS) dΛ/dϕ, the total CS Λtot, the Hall component of resistivity Ω, and
inverse momentum relaxation time ΓM for single- and two-centered magnetic scattering. We show
that differing from the nonmagnetic impurity scattering, s−wave approximation is not advisable
and convergent in the present case. The symmetry of CS is reduced and the backscattering occurs
and becomes stronger with increasing the effective magnetic momentM of single magnetic impurity.
We show a non-zero perpendicular resistivity component Ω, which may be useful for tuning the
Hall voltage of the sample. Consistent with the analysis of dΛ/dϕ, by comparing ΓM with Λtot,
we can determine different weights of backscattering and forward scattering. Similar to CS, Ω and
ΓM also exhibit oscillating behavior for multiple magnetic scattering centers due to interference
effect.
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I. INTRODUCTION
A topic of fundamental importance in condensed matter physics is how the presence
of defects or impurities induce strong modifications on the local electronic properties of
crystalline solids. These modifications, with the stunning development of scanning tunneling
microscopy (STM), have been extensively investigated on metal surfaces where they are
well known as Friedel oscillations and manifest as standing waves in the local electronic
density spanning regions up to ∼10 nm from the defects on the metal surfaces. One kind of
particularly suitable prototype that have been used in a large amount of STM measurements
to study the effects of impurity and the formation of adsorbate superstructure are the (111)
surfaces of noble metals, on which the surface-state electrons form a two-dimensional (2D)
nearly free-electron gas. These Shockley-type surface states are dispersed as ǫ = ~2k2/2meff
(measured relative to the bottom of the surface-state band) and localized in narrow band
gaps in the center of the first Brillouin zone of the (111)-projected bulk band structure.
Thus they have extremely small Fermi wave vectors kf =
√
2meff ǫF/~ and consequently
the Friedel oscillations of the surface state have a significantly larger wavelength than those
of the bulk states.
Recently, topological insulator (TI) has attracted tremendous experimental and theoret-
ical studies [1, 2]. Unlike (111) surfaces of noble metals, a peculiar characteristic of TI is
the presence of strong spin-orbit coupling (SOC), which results in a variety of unique prop-
erties. One intriguing fact is that the ideal TI surface is described at low energies by a 2D
massless-Dirac wave equation with an additional locking between momentum and spin of
surface electron. Because of the Dirac spectrum and SOC induced fermionic chirality, the
impurity scattering effect in TIs is naturally expected to display novel behavior that should
be absent from the conventional semiconductor or metal-surface 2D electron gases. Many
experimental and theoretical efforts towards this issue have been payed. The anomalous
Friedel oscillations in the vicinity of a single localized impurity [3–6], as well as the identifi-
cation of the nature and the precise location of impurities on TI surface using STM [7–11],
have been discussed. However, when impurities are located close to each other, multiple
scattering effects should be important, such as the issue of the long-range interactions be-
tween the adsorbates mediated by the Dirac electrons of TI surface [12, 13]. In particular,
since the quasiparticle’s spin is strongly coupled to its momentum, quantum interference be-
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tween different spin states during multiple scattering process could then display prominent
phenomena such as electric conductance weak (anti-)localization [14] and Aharonov-Bohm
effect [15] in STM signals.
In the presence of the time-reversal symmetry (TRS), the backscattering induced by
nonmagnetic impurities is forbidden on the gapless TI surface because of a π Berry phase
associated with the 2π adiabatic rotation of Dirac electron spin along the Fermi energy
surface. However, considering the magnetic impurities on the gapless TI surface, one would
like to observe the backscattering since the TRS is broken. Many efforts have been devoted
to exploring this issue. For example, very recently, quasiparticle interference induced by a
magnetic Co adatom on gapless Bi2Se3 surface has been found in STM experiments [16].
Furthermore, a magnetic field can be generated when the TI sample is deposited on a
lithographically patterned ferromagnetic layer, which could also induce backscattering of
massless Dirac electrons in TI [17].
Because of its importance both from basic point of interest and to TI-based chemical
catalysis and electronics, in the present paper we address this issue by presenting a first
attempt at the theoretical evaluation of the multiple scattering problem of the massless
Dirac electrons on the TI surface in the presence of localized and identical magnetic impu-
rities. Specially, we present the analytical expressions for multiple partial-wave scattering
of massless Dirac electrons with magnetic impurities, based on which the asymptotic mul-
tiple scattering amplitude for random arraying magnetic impurities are obtained under the
particular large distance approximations (the identical impurities are treated as a large
scattering center). The differential and total cross sections (CSs), the inverse momentum
relaxation time, and the Hall component of resistivity are discussed. We find that differ-
ing from the nonmagnetic scattering, for the magnetic impurity scattering, the CS is not
convergent under s−wave approximation. Therefore, higher partial waves should be intro-
duced. For the single magnetic impurity scattering, we show the fact that the backscattering
becomes much stronger when increasing the effective magnetic moment M . By comparing
the inverse momentum relaxation time with total CS, we can determine whether there exist
more backscattering than forward scattering or not. Similar to CS, the inverse momentum
relaxation time and Hall factor display oscillating behavior for multiple magnetic scattering
centers due to interference.
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II. MODEL AND THEORY
The eigenstates of the effective low-energy Hamiltonian of TI surface near the Dirac point
[18]
H0=~vf (σ×k) ·zˆ (1)
are given by the spinors Ψ0,± (r) =e
ik·r√
2
(
1, ∓ieiθk
)T
, where the upper/lower sign corre-
sponds to the electron/hole part of the spectrum. Here, vf ∼ 5 × 105 m/s is the Fermi
velocity, σ are Pauli matrices, and k is the in-plane wavevector. The impurity potential can
be expressed as
Vi=
1
2
JiSi·σΘ (a− r) , (2)
where Si=Sni is the classical spin (with its orientation vector ni) of the ith magnetic
impurity, Ji is the exchange coupling strengths, a is the radius of the scatterer, and Θ (r)
is the Heaviside function. If the measurements are performed at a temperature higher than
the Kondo temperature [19], the coupling between impurity spins will not exceed the critical
value Jcr before a Kondo effect occurs. In this work we assume that the exchange coupling
Ji < Jcr, so that the Ruderman-Kittel-Kasuya-Yosida interactions between impurity spins
and Kondo screening of the impurity spin by the band electrons are neglected, and the
impurity spin acts as a classical local magnetic moment under mean-field approximation
[3, 4].
In order to obtain the analytical expressions of wavefunctions, we just consider the com-
ponent of the classical spin along the normal line of TI surface, i.e., Vi=MσzΘ (a− r). The
fact that a magnetic Co impurity with only perpendicular spin component on the TI surface
does not open a gap has been experimentally observed [16]. To develop a scattering theory
from localized, cylindrically-symmetric scatterers, it is convenient to resolve the problem in
cylindrical coordinates. By considering the continuity of the wavefunction at the boundary
of the magnetic scattering potential, one can immediately obtain the analytical expression
of the scattered wave, written as
Ψsc (r,k,±) =s0G+0T−0 Φin±+
∞∑
l=1
[
slG+lT
−
l +s−lG−lT
+
l
]
Φin± . (3)
Here, Φin± denotes the incident plane-wave centered about a single scatterer located at rn.
4
The cylindrically-symmetric Green’s functions take the form
G+l =
ileilθn
2
 H(1)l (kρn) ±H(1)l (kρn)
±H(1)l+1 (kρn) eiθn H(1)l+1 (kρn) eiθn
 , (4)
G−l =
ile−ilθn
2
 H(1)l (kρn) ∓H(1)l (kρn)
∓H(1)l−1 (kρn) eiθn H(1)l−1 (kρn) eiθn
 , (5)
for |ǫ| > M , where upper and lower signs in the right side of these expressions denote the
ǫ > 0 and ǫ < 0 parts of the spectrum, k = ǫ
~vf
, ρn=r−rn and eiθn=ρn·(xˆ+iyˆ)ρn . For the energy
regin of |ǫ| < M , the Hankel functions H(1)l (kρn) in G±l should be replaced by the modified
Bessel functions of first kind Il (kρn). The scattering amplitude is expressed as
sl =
A+Jl (k
′a) Jl+1 (ka)−A−Jl (ka) Jl+1 (k′a)
A−H
(1)
l (ka) Jl+1 (k
′a)−A+H(1)l+1 (ka) Jl (k′a)
(6)
for |ǫ| > M, where A± =
√
|ǫ±M |, k′ =
√
|ǫ2−M2|
~vf
, and Jl is the Bessel function of order l.
Whereas sl should also be replaced by
s˜l =
A+Il (k
′a) Jl+1 (ka) + A−Jl (ka) Il+1 (k′a)
−A−H(1)l (ka) Il+1 (k′a)− A+H(1)l+1 (ka) Il (k′a)
(7)
for the case of for |ǫ| < M. Note that sl (s˜l) satisfies the unitarity condition Re[sl] = − |sl|2
(Re[s˜l] = − |s˜l|2), and
lim
ǫ→M+
sl = lim
ǫ→M−
s˜l = −Jl+1 (ka) /Hl+1 (ka) (8)
for all l. The lth-partial-wave t−matrix is T±l =diag( Pˆ±l , ∓iPˆ±l∓1 ) with Pˆ±l = e
±ilθ
ilkl
(∂r± ir∂θ)l.
A detailed derivation is given in Appendix A.
It is easy to extend scattering theory of massless Dirac fermions to the realistic and
reasonable case of multiple magnetic impurities, where the quantum interference effect in
the propagation process of Dirac fermions on TI surface can be observed. This has not been
discussed in previous studies, such as Ref. [17]. Taking into account all of partial waves,
for N magnetic scatterers located at positions r1, r2, · · ·rN , the scattered wavefunction is
given by
Ψsc (r) = G (r)SD
−1~φ. (9)
Here, G (r) (a 2×2N (2lmax+1) matrix) contains the propagation information from detector
to impurities G±l (r, ri). S is a diagonal matrix with nonzero element s
(n)
±l . The G matrix,
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is constructed by T−l [G±l′ (n,m)], describing the propagation between impurities.
−→
φ can
be written as a 2N (2lmax+1)×1 vector which imposes informations of incident waves (see
details in Appendix B).
At this stage, we should point out that the above equations for multiple magnetic scatter-
ing of massless Dirac quasiparticles are similar to those for multiple nonmagnetic scattering
of massive Dirac quasiparticles, but totally different from those for multiple nonmagnetic
scattering of massless Dirac quasiparticles, since the expressions therein can be simplified as
a more compact form due to s′−(l+1) = s
′
l.
The above theory enables to solve multiple magnetic scattering problems in gapless TI
surfaces with higher partial waves, which could be important as distances between scatterers
decrease or the scattering potential is strengthened. One simple application is to calculate
the magnetic scattering CSs. To calculate the CSs, we have to take the approximations
H
(1)
l (z)→
√
2
πz
ei(z−
lpi
2
−pi
4 ), and eilθn =
[
ρn·(xˆ+iyˆ)
ρn
]l
≈
[
r·(xˆ+iyˆ)
r
]l
= eilϕ for large distance. As
a result,
Ψsc (r)→ f (k, ϕ) e
ikr
√
2r
 1
∓ieiϕ
 , (10)
where f (k, ϕ) is the scattering amplitude, from which we have the differential and total CSs
as follows:
dΛ
dϕ
= |f (k, ϕ)|2 , (11)
Λtot =
∫ 2π
0
dϕ |f (k, ϕ)|2 =
√
8π
k
Im
[
e−iπ/4f (k, ϕ = 0)
]
. (12)
Here, we have used the two-dimensional optical theorem.
Besides, we could also obtain the transverse component of resistivity (or say the analog
of Hall component in the case with magnetic field)
Ω =
∫ 2π
0
dϕ |f (k, ϕ)|2 sinϕ, (13)
and the inverse electron momentum relaxation time (the quantity proportional to the dissi-
pative component of resistivity)
ΓM =
∫ 2π
0
dϕ |f (k, ϕ)|2 (1− cosϕ) . (14)
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III. RESULTS AND DISCUSSIONS
In the following calculations, without losing the general properties, we shall just consider
the incident wave Φin+=
eikx√
2
( 1, −i )T propagating along the positive xˆ direction. In par-
ticular, for a single magnetic impurity scattering, we can obtain the scattering amplitude
including all of the partial waves, which is written as
f (k, ϕ) =
{
f0 (ϕ) +
∞∑
l=1
[fl (ϕ) + f−l (ϕ)]
}
ei(k−krˆ)·r
′
(15)
with f0 (ϕ) =
√
2
iπk
s0 and f±l (ϕ) =
√
2
iπk
s±le±ilϕ. The differential and total CSs are given
by
dΛ
dϕ
=
2
πk
∣∣∣∣∣
{
s0 +
∞∑
l=1
[
sle
ilϕ + s−le−ilϕ
]}∣∣∣∣∣
2
, (16)
Λtot = −4
k
[
Re (s0) +
∞∑
l=1
Re (sl + s−l)
]
. (17)
This total CS equation is obtained from the optical theorem. It is clear that the s−wave is
independent on the direction of scattered wave, therefore, we have to introduce higher partial
waves, such as p− and d−waves, and so on. If one just considers the s−wave in calculations,
differential CS may lead to an unreasonable result of dΛ/dϕ|ϕ=π = 0 (backscattering is
forbidden) for some particular effective magnetic moment M . This is different from the
nonmagnetic impurity scattering on TI surface [12] as well as on conventional 2DEG with
weak Rashba SOC [20], where the s−wave approximation should be a reasonable choice.
The results of normalized differential CS as a function of energy ǫ for the massless Dirac
electron scattered by a single magnetic impurity absorbed on TI surface with effective mag-
netic moment M=60 meV are shown in Fig. 1(a). In the calculations we take lmax = 2,
which works out convergent results. Different from the nonmagnetic impurity scattering
case, the backscattering is obvious in the differential CS, i.e., dΛ/dϕ|ϕ=π 6= 0, in present
case since the time-reversal symmetry is broken by magnetic impurity scattering. Further-
more, we find that for the weak effective magnetic moment M (such as the values chosen in
this work M ≤ 100 meV), the backscattering is greater than forward scattering. However,
if the effective magnetic moment is large enough (for example, when M ∼ 500 meV and
ǫ = 450 meV) we find the backscattering is weaker than the forward scattering (not shown
here).
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FIG. 1: (Color online) The normalized differential CSs dΛ/dφ for (a) a single and (b) two magnetic
scatterers located at r1,2 = (±3, 0) on TI surface with effective magnetic moment M = 60 meV.
The radius of scatterer a=1 nm, and lmax = 2 are chosen.
Two-impurity scattering provides a good test-bed to highlight the coexistence of various
scattering phenomena, including transmission, reflection, interference, and resonance. The
corresponding CS offers a measure of interaction events between the two impurity centers,
and interference effects are useful in revealing actual electron density currents on TI surfaces.
For instance, if two impurities are close to each other, the electronic wavefunctions will be
scattered from both impurities, resulting in quantum interference. From the above theory,
we can obtain the simple expression of scattering amplitude just containing the s−wave
(lmax = 0), which is given by
fN0 (k, ϕ) =
N∑
n,m=1
s0e
i(k·rm−krˆ·rn)
√
2iπk
(18)
×
{[
D−1
]
(2n−1),(2m−1) +
[
D−1
]
2n,2m
±
[[
D−1
]
2n,(2m−1) +
[
D−1
]
(2n−1),2m
]}
.
However, if higher partial waves (lmax ≥ 1) are taken into account, the scattering amplitude
expression for N magnetic impurities becomes tedious and complex since D−matix becomes
a lager one.
Typical numerical results of differential CSs for two magnetic impurities located at r1,2 =
(±3, 0) are presented in Fig. 1(b). We also note that the interference effect is related not
only to the effective magnetic moment M but also to the configuration of impurities. For
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FIG. 2: (Color online) The magnetic moment M dependence of differential CS dΛ/dφ along the
negative direction of x axis φ = π for one magnetic scatterer (red line), two scatterers (green
line) located at r1,2 = (±3, 0), and three scatterers (blue) located at r1 = (−3, 0), r2 = (3,−1),
r3 = (2, 4). The Fermi energy is chosen as ǫ = 70 meV.
the present considered impurity locations r1,2, on one hand, we find from Fig. 1(b) that the
backscattering is more prominent than the forward scattering. On the other hand, comparing
with the nonmagnetic double-impurity scattering on gapless TI surface, the symmetry of
differential CSs for two identical magnetic scatterers is reduced.
On one hand, independent on the impurity locations, with increasing the effective mag-
netic momentM , we find that the relative strength of backscattering becomes more and more
remarkable since the differential CS along the negative xˆ direction dΛ/dϕ|ϕ=π increases with
M , see Fig. 2 with the Fermi energy ǫ = 70 meV. On the other hand, comparing with the
scattering from a single (red curve) magnetic impurity, two (green curve) or three (blue
curve) impurities will weaken or strengthen the backscattering due to interference effect,
which is dependent on the impurity configurations relative to the direction of incident wave.
We must point out that in the calculations, we should use s˜l for the energy region of |ǫ| < M ,
while sl for the energy region of |ǫ| > M , which are denoted in Fig. 2.
Now let us turn to discuss the total CSs, which are exhibited in Fig. 3. As mentioned
above, the s−wave approximation cannot give out convergent result, see the black curves
in Fig. 3, whereas, when we introduce higher partial waves (such as lmax = 2 chosen in our
calculations), the total CSs becomes convergent ultimately. Differing from the nonmagnetic
9
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FIG. 3: (Color online) The total CS Λtot for a single (a-b) and two (c-d) magnetic impurities
located at r1,2 = (±3, 0). The effective magnetic moment is chosen as M = 60 meV in (a)and (c),
while M = 100 meV in (b) and (d), respectively.
impurity scattering, although the higher partial waves can induce remarkable corrections, we
have not found additional resonant peaks in total CSs due to higher partial waves. Moreover,
it is obvious that interference between double impurities brings about oscillations in total
CSs (see Figs. 3(c) and 3(d)), which cannot be observed in the case of nonmagnetic impurity
scattering [12]. From numerical calculations, we find on one hand that, the optical theorem
is correct and should characterize the general multiple-scattering processes, since the results
obtained by the numerical integration of the first equality in Eq. (12) are in good agreement
with that obtained from the second equality; On the other hand, the curves of total CSs are
smooth at the energy of ǫ =M , which indicates that the limiting function of sl and s˜l, i.e.,
Eq. (8) is reasonable. Besides, for the much strong effective magnetic impurity scattering,
with increasing the Fermi energy we find that the total CS for single- (double-) impurity is
convergent to 4 nm (8 nm). This is also different from the nonmagnetic impurity scattering,
where the total CSs converge to zero with increasing the energy of Dirac electrons [12].
In spite of the differential and total CSs, we also calculated the transverse component of
resistivity Ω, which is analogous to Hall component in the case with external magnetic field.
The typical results of Ω as a function of ǫ for single- and double-impurity with different
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FIG. 4: (Color online) Hall component of resistivity Ω for a single (a) and two (b) magnetic
impurities on TI surface; Inverse momentum relation time ΓM (thick solid curves) and total CS
Λtot (thin dashed curved) for a single (c) and two (d) magnetic impurities as functions of energy ǫ.
M are listed in Figs. 4(a) and 4(b), respectively. We find that the Hall component of
the resistivity Ω always keeps its sign as negative (i.e., Ω < 0), which is independent on
the impurity locations. In the numerical calculations, we take lmax ≥ 2 which results in
a convergent result, however, taking into account higher partial waves, it is difficult to be
obtained analytically from Eqs. (13) and (15) since the expression for integral result is
tedious and complex. Therefore, the low-energy Dirac electrons are deflected to one side of
TI sample due to magnetic impurity scattering. This fact may be helpful for tuning the Hall
voltage of sample. Interestingly, we note that this type of Hall component also occurs in the
nonmagnetic impurity scattering on gapless TI surface. We now switch gears and consider
the case of double magnetic impurities on TI surface again. Different from the single case, Ω
exhibits oscillating behavior due to the interference during the multiple impurities scattering
processes, as shown in Fig. 4(b).
Before ending this paper, we would like to discuss another important quantity, the inverse
electron momentum relaxation time ΓM , which is proportional to the dissipative component
of resistivity. The numerical results are plotted in Figs. 4(c) and 4(d) for single- and double-
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impurity cases, respectively. The behavior of ΓM (thick solid curves) is qualitatively similar
to the one for the total CSs Λtot (thin dashed curves), and the interference effect is also
clear in the ΓM induced by double-impurity, see Fig. 4(d). The inverse electron momentum
relaxation time ΓM is a fairly sensitive quantity that determines whether the charge carrier
is attracted to an impurity or is repelled from it. It is also useful for determining whether
the backscattering is greater than the forward scattering by comparing it with the total CSs
(note that both Λtot and ΓM have the dimension of an length in two dimensional scattering).
If Λtot<ΓM (Λtot>ΓM), there is more (less) backscattering than forward scattering. Taking
M = 60 meV as an example, we find Λtot< ΓM , as revealed by the red curves in Fig. 4(c),
which indicates that the backscattering is greater than the forward scattering in the low-
energy region. This fact is consistent with the behavior of differential CSs shown in Fig.
1(a). Particularly, by observing the green curves in Fig. 4(d) of energy region of 80∼120
meV (the shadow region), one can find Λtot>ΓM . This suggests that due to the interference
the backscattering is weaker than forward scattering in this energy region for the present
double magnetic impurity locations, which is also consistent with the analysis of differential
CSs. Consequently, we believe that our results shown here are reasonable, and we hope our
findings could be detected in the future experiments.
IV. CONCLUSIONS
In summary, we have proposed a general low-energy multiple-scattering partial-wave the-
ory for quasiparticles on the gapless topological insulator (TI) surfaces in the presence of
magnetic impurities. Based on this theory, one can solve the scattering problems of N
magnetic impurities. As an application, we have calculated the CSs, the inverse momen-
tum relaxation time, and the transverse resistivity component for a single and two circular
magnetic scattering. We have found that the usual s−wave approximation is not sufficient,
while higher partial waves must be introduced to obtain convergent results. On the gapless
TI surfaces, differing from the single nonmagnetic impurity case, the backscattering occurs
and becomes much stronger with increasing the effective magnetic moment M . Interference
effects are obvious in CSs from quasiparticle scattering off two magnetic scattering centers,
and oscillating behaviors are introduced in Λtot associated with higher-order partial-waves.
A non-zero perpendicular resistivity component has also been shown. Similar to the total
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CS, the inverse momentum relaxation time and the transverse resistivity component exihibit
oscillations for multiple magnetic scattering centers due to interference. Furthermore, our
theory could be extended to spin-polarized case. It could also be applied to simulate the
electron flow (charge current and spin current) through a quantum point contact on a TI
surface by monitoring the changes in conductance through the quantum point contact as a
moveable STM tip is scanned above the surface of TI.
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APPENDIX A: DERIVATION DETAILS OF SCATTERED WAVEFUNCTION
Starting from the model considered in the main text, one can find the spinor spherical
wavefunctions inside the magnetic scattering potential (r < a) as follows:
ζ
(1,2)
l (r, k
′,±) = we
ilθ√
2 |ǫ| k′
 √|ǫ+M |H(1,2)l (k′r)
±√|ǫ−M |H(1,2)l+1 (k′r) eiθ
 , (|ǫ| > M), (A1)
ζ˜l (r, k
′,±) = we
ilθ√
2 |ǫ| k′
 √|ǫ+M |Il (k′r)
∓√|ǫ−M |Il+1 (k′r) eiθ
 , (|ǫ| < M), (A2)
where k′ =
√
|ǫ2−M2|
~vf
and w = eiφ is an overall phase meaning of the nonrelativistic wavefunc-
tion in the rest frame of ǫ = M . Here, H
(1,2)
l (z) and Il (z) are l
th-order Hankel functions and
modified Bessel functions of first kind, respectively. We would like to point out that since
the wavefunctions should be zero at r = 0, we have neglected the modified Bessel functions
of second kind Kl (z) for |ǫ| < M , which are emanative in the limit of z → 0. Whereas, the
wavefunctions outside the magnetic potential (r > a) can be expressed as
χ
(1,2)
l,± (r) =
1√
2k
 H(1,2)l (kr) eilθ
±H(1,2)l+1 (kr) ei(l+1)θ
 , (A3)
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with k = ǫ
~vf
. χ(1) (χ(2)) denotes the outgoing (incoming) cylindrical wave about r=0. The
incident plane-wave centered about a single scatterer located at rn is given by
Φin± (r)=
∞∑
l=−∞
√
keik·rneil(θn−θk)
2
il
(
χ
(1)
l,± (ρn)+χ
(2)
l,± (ρn)
)
, (A4)
where ρn=r−rn and eiθn=ρn·(xˆ+iyˆ)ρn . Remember that θk is the angle defining the direction of
the wave vector, and θn is related to the direction of r−rn in this equation. Then, the fully
scattered wave function in the region ρn > a can be written as explicitly
ΨI (r,k,±) = Φin± (r) + Ψsc (r,k,±)
=
√
keik·rn
∞∑
l=−∞
il
[
1
2
e2iδlχ
(1)
l (ρn,k,±) +
1
2
χ
(2)
l (ρn,k,±)
]
eil(θn−θk), (A5)
where δl are phase shifts of the outgoing cylindrical partial waves, χ
(1)
l (ρn,k,±). In the
region of ρn ≤ a, the fully scattered wave function is given by
ΨII (r,k
′,±) =

√
k′eik·rn
∑∞
l=−∞ i
ldl
[
1
2
ζ
(1)
l (ρn,k
′,±)− 1
2
ζ
(2)
l (ρn,k
′,±)
]
eil(θn−θk), (|ǫ| > M)
√
k′eik·rn
∑∞
l=−∞ i
ld˜lζ˜l (r, k
′,±) eil(θn−θk), (|ǫ| < M)
.
(A6)
By the continuity of the wavefunction at ρn = a, ΨI (a,k,±) = ΨII (a,k′,±), we can obtain
the scattered wavefunction Eq. (3), and the scattering amplitude sl and s˜l shown in Eqs.
(6) and (7) in main text. It is clear that the scattered wavefunctions shown in Eq. (3) are
different from those for nonmagnetic impurity scattering on gapless TI surface, where
Ψsc (r)=
∞∑
l=0
4i~vfs
′
l
k
Gl (r, rn, ǫ) T
′
l
[
Φin±
]
(A7)
with
Gl∝
 H(1)l eilθn ∓H(1)l+1e−i(l+1)θn
±H(1)l+1ei(l+1)θn H(1)l e−ilθn
 , (A8)
T
′
l=diag( Pˆ
−
l , Pˆ
+
l
), and
s′l =
Jl (κ
′a) Jl+1 (ka)− Jl (ka) Jl+1 (κ′a)
H
(1)
l (ka) Jl+1 (κ
′a)−H(1)l+1 (ka) Jl (κ′a)
. (A9)
Here κ′= ǫ−V0
~vf
, and V0 is the scalar potential.
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APPENDIX B: DETAILS OF THE EXPEDITION FOR MULTIPLE SCAT-
TERED WAVE
In order to understand the extending operation, we would like to start from the s−wave
scattering for two identical magnetic impurities. The total wavefunction can be written as
Ψ (r) = Φ (r) +
2∑
n=1
s
(n)
0 G+0 (r, rn, ǫ)T
−
0 [Ψn (rn,k,±)] , (B1)
where
Ψn (r) = Φ (r) +
2∑
m6=n
s
(m)
0 G+0 (r, rm, ǫ) T
−
0 [Ψm (rm,k,±)] . (B2)
Equation (B1) indicates that if the value of Ψ (r) and its derivatives due to the Pˆ±0,1 de-
pendence of T±0 at each scatterer is known, the entire wavefunction Ψ (r) is completely
determined. We can calculate the derivatives of Ψ1 at r1 and Ψ2 at r2 and combine the
result into a matrix equation, which are given by T−0 [Ψ1 (r1)]
T−0 [Ψ2 (r2)]
 = D−1
 T−0 [Φ (r1)]
T−0 [Φ (r2)]
 , (B3)
where
D = 14×4 −G4×4S4×4, (B4)
with
G=
 0 T−0 [G+0 (r1, r2, ǫ)]
T−0 [G+0 (r2, r1, ǫ)] 0
 , (B5)
S=
 s(1)0 0
0 s
(2)
0
⊗ 12×2. (B6)
Finally, the total wavefunction is written as
Ψ (r)=Φin±+G (r)SD
−1
 T−0 [Φ (r1)]
T−0 [Φ (r2)]
 (B7)
with
G (r) =
(
G+0 (r, r1) , G+0 (r, r2)
)
. (B8)
Taking into account lmax ≥ 1 partial waves, for N magnetic scatterers located at positions
r1, r2, · · ·rN , the scattered wavefunction is given by Eq. (9) in main text. For numerical
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calculations, we have to align the matrix elements reasonably, thereby, we define symbols
µ0 = 2 (n− 1) (2lmax + 1) + 1, λ0 = µ0 + 1, α0 = 2 (n− 1) (2lmax + 1) + 4l − 1, γ0 = α0 + 1,
τ0 = 2 (n− 1) (2lmax + 1) + 4l + 1, η0 = τ0 + 1, ν0 = 2 (m− 1) (2lmax + 1) + 1, β0 = ν0 + 1,
α = 2 (m− 1) (2lmax + 1) + 4l′ − 1, γ = α + 1, ν = 2 (m− 1) (2lmax + 1) + 4l′ + 1, and
β = ν + 1. Following this way G (r) (a 2×2N (2lmax+1) matrix) is aligned as
G (r) =
(
G˜ (r, r1) , G˜ (r, r2) , · · · , G˜ (r, rN)
)
(B9)
with G˜ (r, ri) =[ G+0, G+1, G−1, · · · , G+lmax, G−lmax ]. Explicitly, for l = 0, we align G (r)1,µ0 G (r)1,λ0
G (r)2,µ0 G (r)2,λ0
 = G+0 (r, rn) , (B10)
and for l ≥ 1,  G (r)1,α0 G (r)1,γ0
G (r)2,α0 G (r)2,γ0
 = G+l (r, rn) , (B11) G (r)1,τ0 G (r)1,η0
G (r)2,τ0 G (r)2,η0
 = G−l (r, rn) . (B12)
The S matrix is diagonal,
S = diag
(
s
(n)
±l
)
2N(2lmax+1)×2N(2lmax+1)
, (B13)
with Sµ0,µ0 = Sλ0,λ0 = s
(n)
+0 , Sα0,α0 = Sγ0,γ0 = s
(n)
+l , Sτ0,τ0 = Sη0,η0 = s
(n)
−l . Then we construct
the G matrix, which is written as
G =

0 G (1, 2) · · · G (1, N)
G (2, 1) 0 · · · G (2, N)
...
...
. . .
...
G (N, 1) G (N, 2) · · · 0
 , (B14)
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where G (n,m) is a 2 (2lmax + 1) × 2 (2lmax + 1) matrix, which are constructed by
T−l [G±l′ (n,m)]. Explicitly, one would align the G matrix by the following wayG (µ0, ν0) G (µ0, β0)
G (λ0, ν0) G (λ0, β0)
 = T−0 [G+0 (n,m)] , (B15)G (µ0, α) G (µ0, γ)
G (λ0, α) G (λ0, γ)
 = T−0 [G+l′ (n,m)] , (B16)G (µ0, ν) G (µ0, β)
G (λ0, ν) G (λ0, β)
 = T−0 [G−l′ (n,m)] , (B17)
for l = 0 and n 6= m, andG (α0, ν0) G (α0, β0)
G (γ0, ν0) G (γ0, β0)
 = T−l [G+0 (n,m)] , (B18)G (α0, α) G (α0, γ)
G (γ0, α) G (γ0, γ)
 = T−l [G+l′ (n,m)] , (B19)G (α0, ν) G (α0, β)
G (γ0, ν) G (γ0, β)
 = T−l [G−l′ (n,m)] , (B20) G (τ0, ν0) G (τ0, β0)
G (η0, ν0) G (η0, β0)
 = T+l [G+0 (n,m)] , (B21) G (τ0, α) G (τ0, γ)
G (η0, α) G (η0, γ)
 = T+l [G+l′ (n,m)] , (B22) G (τ0, ν) G (τ0, β)
G (η0, ν) G (η0, β)
 = T+l [Gk−l′ (n,m)] , (B23)
for l 6= 0 and n 6= m, while G (n, n) = 0 for n = m. −→φ can be written as a 2N (2lmax+1)×1
vector,
−→
φ =
(
φ1, φ2, · · · , φN
)T
, (B24)
where φi =
[
T−0 [Φ (ri)] , T
−
1 [Φ (ri)] , T
+
1 [Φ (ri)] , · · ·, T−lmax [Φ (ri)] , T+lmax [Φ (ri)]
]T
.
Explicitly, for l′ = 0,
−→
φ ν0 = P
−
0
[
eik·rn/
√
2
]
,
−→
φ β0 = iP
−
1
[
∓ieiθkeik·rn/
√
2
]
. (B25)
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For l′ > 0,
−→
φ α = P
−
l′
[
eik·rn/
√
2
]
,
−→
φ γ = iP
−
l′+1
[
∓ieiθkeik·rn/
√
2
]
, (B26)
−→
φ ν = P
+
l′
[
eik·rn/
√
2
]
,
−→
φ β = iP
+
l′+1
[
±ieiθkeik·rn/
√
2
]
. (B27)
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